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Motivation
I SU(N) gauge theories with many flavors of fermions may exhibit

behaviors that are fundamentally different from QCD.

I Increasing Nf causes the gauge coupling to run slowly, and
“walking” may occur, which could lead to some properties
desirable for Technicolor model building.

I Specifically, we are interested in
I enhanced chiral condensate
I small S parameter
I new pattern in hadron spectrum

I When Nf > Nc
f , the theory becomes conformal, and spectrum

vanishes at the chiral limit. Also on our wishlist is to
I locate Nc

f non-perturbatively
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Gauge Ensembles
I Fermion action: domain wall fermions.
I Gauge action: Iwasaki.
I Ensemble size: Typically ∼ 1200 MD trajectories.

[Cost grows as N3/2
f ]

Nf Volume Ls β amf amres

2 323 × 64 16 2.70 0.005...0.030 2.5× 10−5

6 323 × 64 16 2.10 0.005...0.030 8.2× 10−4

10 323 × 64 16 1.95 0.005...0.030 1.7× 10−3

I For Nf = 2, aMV ≈ 0.21 ⇒ a−1 ≈ 3.7 GeV.
I For Nf = 6 and 10, match aMV to within 10% of Nf = 2.
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Recap: Results for Nf = 2, 6

Condensate Enhancement
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T. Appelquist et al. (LSD Collaboration), PRL104:071601,2010

Many-Flavor Domain Wall Fermions and Fixed Topology Meifeng Lin



Motivation LSD Calculations with Domain Wall Fermions Summary

Recap: Results for Nf = 2, 6

The S Parameter

4 Nf = 2 • Nf = 6.
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FIG. 3: S parameter for Nf = 2 (red triangles) and Nf = 6
(blue circles). For each of the solid points, MP L > 4. The bands
correspond to fits explained in the text.

m is strongly Nf -dependent. The value of MV 0, to be dis-
cussed later, is roughly 0.2 in lattice units for both Nf = 2
and 6. For each of the solid points, MP L > 4. As an-
ticipated from the data in Fig. 1, Π′

V −A(0) at Nf = 6
drops below Π′

V −A(0) at Nf = 2 for the smaller M2
P

values, suggesting a suppression of S at Nf = 6. This
interpretation requires care, however, since the extrapola-
tion M2

P ∝ m → 0 is dominated by chiral logs for both
Nf = 2 and 6.

S-Parameter Results The S parameter (Eq. 1) is sim-
ply the correlator slope multiplied by the number of elec-
troweak doublets, with the SM subtraction. We estimate
the SM subtraction by evaluating the ∆SSM integral in
Eq. 1 with an infrared cutoff at s = 4M2

P , and taking
mH = MV 0. For the case 2MP < MV 0,

∆SSM(MP ) =
1

12π

[
11
6

+ log
(

M2
V 0

4M2
P

)]
. (3)

We use values for MP and MV 0 determined in Ref. [1].
The choice mH = MV 0 corresponds roughly to a 1 TeV
value for the reference Higgs mass.

In Fig. 3, we plot S ≡ 4π(Nf/2)Π′
V −A(0) − ∆SSM .

For Nf = 2, the results are consistent with previous lattice
simulations [12, 13]. The SM subtraction at Nf = 2 is
small, reaching a value ∼ 0.04 for the lowest solid mass
point, corresponding to mf = 0.010. A smooth extrap-
olation to M2

P = 0 is expected since the LO chiral logs
eventually appearing in Π′

V −A(0) are canceled by the SM
subtraction, Eq. 3. Given the linearity of the solid data
points, we include a linear fit to the three solid points with
M2

P /M2
V 0 < 1. In this range, where chiral perturbation

theory should begin to be applicable, there can also be an
NLO term of the form M2

P logM2
P , but it is not visible in

our data so we disregard it. The fit, with error band, is
shown in Fig. 3, giving Sm=0 = 0.32(5), consistent with
the value obtained using scaled-up QCD data [10].

The Nf = 6 results for S are also shown in Fig. 3. The
SM subtraction is again very small. For the higher mass
points, S is consistent with a value obtained by simply scal-
ing up the Nf = 2 points by a factor of 3. The value of S

at the lower mass points, where M2
P /M2

V 0 < 1, begins to
drop well below its value at the higher mass points. This
trend has appeared at Nf = 6 even though 6 & N c

f . As
M2

P is decreased further at Nf = 6, S as computed here
will eventually turn up since the SM subtraction leaves the
chiral-log contribution (1/12π)[N2

f /4 − 1] log M−2
P . To

estimate where this turn-up sets in, we include a simple fit
of the form S = A + BM2

P + (2/3π) log(M2
V 0/M

2
P )

to the three points with M2
P /M2

V 0 < 1, disregarding a
possible M2

P logM2
P term. This fit, with error band, is

also shown in Fig. 3. In a realistic context, of course, the
PNGBs receive mass even in the limit m → 0 from SM
and other interactions not included here, and these masses
provide the infrared cutoff in the logs.

Resonance Spectrum A question of general interest
for an SU(N) gauge theory is the form of the resonance
spectrum as Nf is increased toward N c

f . A trend toward
parity doubling, for example, would provide a striking con-
trast with a QCD-like theory. If the gauge theory plays
a role in electroweak symmetry breaking, then this trend
could be associated with a diminished S parameter.

We have so far computed the masses, MV and MA, and
decay constants, FV and FA, of the lowest-lying vector and
axial resonances. We plot the masses along with their ra-
tio in Fig. 4. Since the solid data points (MP L > 4) are
quite linear with a small slope for each case except MA at
Nf = 6, and since in each case, the NLO term in chiral
perturbation theory is linear in M2

P ∝ m, we include a
linear fit to all the solid points. The error bars on the ex-
trapolations are also shown. For Nf = 2, MV extrapolates
to 0.215(3) and for Nf = 6 it extrapolates to 0.209(3). As
noted above, the equality within errors of these two masses
in lattice units was arranged by the choice of the lattice
coupling in each case.

For Nf = 2, the extrapolated value of MA/MV =
1.476(40) is roughly consistent with the experimental re-
sult of 1.585(52) [14]. The Nf = 6 data points for MA

do not yet allow a simple fit and extrapolation, However,
they do indicate a substantial decrease in MA/MV for
M2

P /M2
V 0 < 1, the same range for which the S parameter

begins to drop for Nf = 6, indicating that the decrease in
S is indeed associated with a trend toward parity doubling.

Our simulation results for FV and FA, using the nor-
malization conventions of Ref. [10], will be presented in
a future paper. The dependence on M2

P /M2
V 0 is mild, and

for each case except the FA at Nf = 6, quite linear with
a small slope. Although there is known to be an NLO chi-
ral log for the decay constants, it is not visible in these
cases, so we have performed a linear fit to the data. We
simply report here that for Nf = 2 the linearly extrapo-
lated values, converted to physical units using the lattice
scale determined from MV 0, are FV = 141.8(3.8) MeV
and FA = 138.9(8.2) MeV, agreeing well with the mea-
sured QCD results [11, 15].

Discussion The relation between a diminished S pa-
rameter and the spectrum can be explored through the dis-

T. Appelquist et al. (LSD Collaboration), PRL 106 (2011) 231601
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New: Results for Nf = 10

A New Observation for Nf = 10
I Two independent ensembles for each quark mass, with ordered and disordered

start.
I The ensembles thermalize to different values
I NOT observed for Nf = 2 or 6.
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New: Results for Nf = 10

Starting-Config. Dependence
Statistically significant diffference between the ordered-start and
disordered-start ensembles are observed for almost all the
ensembles.
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New: Results for Nf = 10

Slowly-moving/Fixed Topology
mf start trajectory range Q

0.005 O 500 - 1319 0
0.005 D 500 - 919 3
0.010 O 500 - 1373 0
0.010 D 500 - 1259 1
0.015 O 500 - 1204 0
0.015 D 500 - 1450 -1
0.020 O 500 - 1239 0
0.020 D 500 - 1221 12
0.025 O 500 - 1256 0
0.025 D 500 - 609 -19

610 - 942 -18
943 - 1095 -17
1096-1097 -16
1098 - 1382 -17
1383 - 1484 -16

0.030 O 500 - 1415 0
0.030 D 500 - 1227 9
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New: Results for Nf = 10

Effects of Fixed Topology

I The slight topological tunneling at mf = 0.025 (D) allows us to analyze the data
for different topological sectors separately.

I Given the limited number of measurements for each topology, we only block
every trajectory, hence the errors will be underestimated.

I Nevertheless, such analysis will give us a crude idea how much the fixed
topology may affect our results.

R. Brower, S. Chandrasekharan, John W. Negele, and U.J. Wiese. 2003 has the
following formula for the Q-dependence

MQ = M(0) +
1
2

M(2)(0)
1

Vχt

„
1−

Q2

Vχt

«
+ O

„
1

V3

«
.

χt is the topological susceptibility, M(2)(0) is the second derivative with respect to θ at
θ = 0, and M(0) is the mass at θ = 0 (or equivalently, at non-fixed Q).
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New: Results for Nf = 10

Observed Q-Dependence
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I The discrepancy between ordered and disordered ensembles can be described
by the dependence on the fixed topology.

I To get results at θ = 0, we still need to know the topological susceptibility
→ work in progress.

I Large discrepancies⇒ small χt? V too small?
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New: Results for Nf = 10

Combining Datasets

Lacking the results for the topological susceptibility, can we still
combine the two ensembles and obtain some best estimates of the
“true" value, M(0)?

I From our fits, M(2)(0) is negative, so M(0) is between the results
for Q = 0 and Q 6= 0.

I Take M = (M0 + MQ)/2 as the central value.
I Take the largest relative difference between MQ and M0 as

systematic error.
I Combine statistical and systematic errors as final error.

Many-Flavor Domain Wall Fermions and Fixed Topology Meifeng Lin



Motivation LSD Calculations with Domain Wall Fermions Summary

New: Results for Nf = 10

Testing Conformality - Qualitatively
In a conformal theory with a small finite mass,

MX = CXm1/(1+γ∗)

so the vector-to-pseudoscalar meson mass ratio MV/MP should look roughly constant.
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I The Nf = 2 data are diverging as
m → 0, as expected since MP → 0.

I Similaryly for Nf = 6, though not as
fast as Nf = 2.

I For Nf = 10 the ratios seem to be
roughly constant.
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New: Results for Nf = 10

Testing Conformality - Quantitatively3

this expansion, all scales vanish as a common power of
m at leading order, so that ratios of observables remain
fixed as m is varied. The mf = 0.015 and mf = 0.010
points show small and large displacements, respectively,
which may indicate finite-volume effects becoming large
at mf = 0.010. The fits described in the next section, for
mf � 0.010, � 0.015 and � 0.020, are consistent with
these conclusions.

The lack of scaling with m of the points on this plot
is not itself sufficient evidence that the mass-deformed
conformal framework is an adequate description of the
Nf = 10 results. For a theory in a heavy-quark regime
with all observables showing linear dependence on m, the
ratios shown are also expected to approach a constant value
for large m. However, the consistency of this plot with ex-
pectations from the conformal hypothesis motivates further
study within that framework. It is also clear from Fig. 1
that chiral perturbation theory cannot provide an accurate
description of our Nf = 10 results: there are no signs of
the expected decrease of MP with respect to FP , and the
numerical size of MP /FP is too large for the chiral expan-
sion to be convergent.

Infrared conformal hypothesis If the Nf = 10 theory
is conformal in the infrared limit, then the chiral symmetry
is broken only by the explicit fermion mass, and the ex-
pected mass dependence of the spectrum is determined by
the emergent conformal symmetry. This possibility is sup-
ported by evidence from running-coupling studies [16, 17]
that the gauge coupling g2(µ) evolves slowly at long dis-
tances. Therefore, we fit the spectrum using the infrared
conformal hypothesis, assuming that g2(µ) remains at its
fixed-point value g?2, and that the data can therefore be de-
scribed by mass-deformed conformal field theory [9, 19–
22] with mass anomalous dimension �?.

When an explicit fermion mass m ⌘ m(⇤) ⌧ ⇤ is
introduced, the running mass for scales below ⇤ is given by
m(µ) = m(⇤/µ)�?

. For some energy scale M ⌧ ⇤ ⇠
1/a, the running mass thus satisfies the equality m(M) =
M , so that at scales small compared to M the fermions
decouple from the theory, leaving an effective pure-gauge
theory which confines as the gauge coupling flows away
from the fixed-point value g?2. So long as g?2 is reasonably
strong, the induced confinement scale will be of order M .
The mass of all fermion bound states is then given by [9]

MX = CX m[1/(1+�?)] + DX m, (1)

where we have included a small correction term. With the
masses expressed in units of the cutoff ⇤, CX and DX are
dimensionless coefficients. Since the explicit breaking of
chiral symmetry is of order M , there is no approximate chi-
ral symmetry to be broken spontaneously. Thus this scaling
law applies as well to the pseudoscalar mass.

The pseudoscalar, vector, and axial-vector decay con-
stants as we define them are expected to scale in the same
way as bound-state masses [22]. The chiral condensate has
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FIG. 2. �2 scans as a function of �? for our Nf = 2 results
(top) and Nf = 10 results in the range mf � 0.015 (bot-
tom). Contours shown are, from bottom to top at �? = 0 and
Nf = 10: h  i (red), MN⇤ (orange, dashed), FP (purple), MA
(blue, dashed), MN (orange), MV (blue), MP (green, dashed),
and total �2 (black). At Nf = 2, the pseudoscalar mass shows
the expected scaling behavior M2

P ⇠ m, which appears as a min-
imum at �? ⇡ 1 in this analysis.

a more complicated dependence on the fermion mass [9]:

h ̄ i = ACm + BCm[(3��?)/(1+�?)]

+ CCm[3/(1+�?)] + DCm3. (2)

The above expressions vanish as m ! 0 with the scal-
ing determined by a single parameter �?, a behavior qual-
itatively different from that of a theory with spontaneous
chiral symmetry breaking.

Results for global fits to the combined simulation data
for the ranges mf � 0.010, mf � 0.015 and mf � 0.020
are shown in Table I. Since we have a relatively small num-
ber of mass points to work with, we here consider only fits
with the D-terms set to zero. As anticipated, the fit quality
is reasonably good for the restrictions mf � 0.015 and
mf � 0.020. Including the mf = 0.010 data changes the
fit parameters significantly, matching our expectation that
finite-volume corrections become large for these points.
The other two fits lead to an anomalous dimension �? con-
sistent with 1, as anticipated for a theory with Nf at the
edge of the conformal window [25–27].

4

Obs. mf � 0.010 mf � 0.015 mf � 0.020

�? 1.45(+1.02)(-57) 0.94(+50)(-26) 1.18(+51)(-17)

CP 0.978 1.44 1.21
CV 1.168 1.70 1.42
CA 1.429 2.14 1.79
CN 1.749 2.53 2.10
CN? 2.232 3.35 2.87
CFP 0.121 0.190 0.164

�2/d.o.f. 69/31 14/23 3/15

TABLE I. Global fit results for the conformal hypothesis of
Eqs. (1) and (2), based on combined ordered/disordered data as
described in the text. The labels P, V, A, N, N?, FP correspond
to the pseudoscalar, vector, axial-vector, nucleon, nucleon-prime,
and pseudoscalar decay constant, respectively. For �?, one-sigma
error bands are obtained by marginalizing over all other param-
eters. The mf � 0.010 fit (left column) has significantly worse
�2/d.o.f., possibly due to the presence of finite-volume effects.

To better understand our fit results, we show in Fig. 2
scans over �2 as a function of �?, broken up for each in-
dividual observable included in the fit. We use the mf �
0.015 fits at Nf = 10. Several of the observables show an
individual minimum in �2 compatible with the global best-
fit value �? ⇡ 0.94. The chiral condensate (shown in red)
has no clear minimum and contributes very little to overall
�2, so we omit it from the global fits in Table I. Because �?

is strongly correlated with the coefficients CX , the standard
Hessian error estimate derived from the fit does not convey
the full range of possible �? values. We estimate a confi-
dence interval on �? directly, using the �2 contour shown
in Fig. 2; the results for each mass range as shown in Ta-
ble I. For fits with �2/d.o.f. < 1, likely overestimation of
the error bars on the data is compensated for by rescaling
all fit errors by

p
�2/d.o.f.. In all cases we find �? & 0.7

at one sigma.
A similar plot using our Nf = 2 results is shown for

comparison. As expected the Nf = 2 theory shows gen-
erally very poor power-law fits for any �? < 2, with the
exception of the pseudoscalar mass (green, dashed), which
scales as M2

P ⇠ m in accordance with chiral perturbation
theory.

Chirally Broken Hypothesis Despite the quality of fits
obtained under the infrared-conformal hypothesis, it re-
mains possible that the Nf = 10 theory is chirally broken.
A rigorous test of this possibility would involve chiral per-
turbation theory to extrapolate to m = 0. But as discussed
in the context of Fig. 1, we do not expect this expansion
to be convergent for mf � 0.015. We have nevertheless
attempted to fit our Nf = 10 results using NLO chiral per-
turbation theory, as done previously for Nf = 2 [1] and
Nf = 6 [28], finding (at Nf = 10) generally large values
of �2/d.o.f. and best-fit values pointing to a poorly conver-
gent expansion. We omit the details of these fits here, but

Obs. mf � 0.010 mf � 0.015 mf � 0.020

�? 1.45(+1.02)(-57) 0.94(+50)(-26) 1.18(+51)(-17)

CP 0.978(9) 1.44(21) 1.21(42)
CV 1.168(10) 1.70(25) 1.42(49)
CA 1.429(13) 2.14(32) 1.79(63)
CN 1.749(16) 2.53(37) 2.10(73)
CN? 2.232(25) 3.35(56) 2.87(1.02)
CFP 0.121(12) 0.190(29) 0.164(57)

�2/d.o.f. 69/31 14/23 3/15

TABLE II. Global fit results for the conformal hypothesis of
Eqs. (1) and (2), based on combined ordered/disordered data as
described in the text. The labels P, V, A, N, N?, FP correspond
to the pseudoscalar, vector, axial-vector, nucleon, nucleon-prime,
and pseudoscalar decay constant, respectively. Errors shown on
all CX are purely statistical, and ignore correlations between
observables. For �?, one-sigma error bands are obtained by
marginalizing over all other parameters. The mf � 0.010 fit
(left column) has significantly worse �2/d.o.f., possibly due to
the presence of finite-volume effects.

Obs. mf � 0.010 mf � 0.015 mf � 0.020

�? 1.45(15) 0.94(16) 1.18(44)
[68% CI] [0.88,2.47] [0.68,1.44] [1.01,1.69]

CP 0.978(9) 1.44(21) 1.21(42)
CV 1.168(10) 1.70(25) 1.42(49)
CA 1.429(13) 2.14(32) 1.79(63)
CN 1.749(16) 2.53(37) 2.10(73)
CN? 2.232(25) 3.35(56) 2.87(1.02)
CFP 0.121(12) 0.190(29) 0.164(57)

�2/d.o.f. 69/31 14/23 3/15

TABLE III. Global fit results for the conformal hypothesis of
Eqs. (1) and (2), based on combined ordered/disordered data as
described in the text. The labels P, V, A, N, N?, FP correspond
to the pseudoscalar, vector, axial-vector, nucleon, nucleon-prime,
and pseudoscalar decay constant, respectively. Errors shown on
all quantities are purely statistical, and ignore correlations be-
tween observables. For �?, a marginalized one-sigma confidence
interval is also shown. The mf � 0.010 fit (left column) has sig-
nificantly worse �2/d.o.f., possibly due to the presence of finite-
volume effects.

will present them in a future work.
An alternative, crude approach is to use the extrapola-

tion formula MP ⇠ bP m1/2 for the pseudoscalar mass,
and the linear expression MX ⇠ aX + bXm for the other
masses and decay constants. In Fig. 3, we compare fits of
this type for the vector and axial-vector masses to mass-
deformed conformal fits with fixed �? = 1, a value within
the errors of our global conformal fit. Within the range of
fermion masses considered, we cannot clearly distinguish
this simple linear dependence from the power-law behavior

Finite volume effects may be large for

amf ≤ 0.01.

Many-Flavor Domain Wall Fermions and Fixed Topology Meifeng Lin



Motivation LSD Calculations with Domain Wall Fermions Summary

Summary
I First SU(3) lattice simulations with Nf = 6 and 10 domain wall fermions have

been performed.
I Hints of condensate enhancement and reduced S paramter have been seen with

Nf = 6.
I With increasing Nf , the topology becomes more difficult to evolve. Effects of fixed

topology are big for Nf = 10.
I Spectrum for Nf = 10 is consistent with conformality. But cannot rule out the

chirally-broken scenario, as the masses are too heavy to make use of ChPT.

Future Work
I Calculate topological susceptibility at fixed Q for Nf = 10.

S. Aoki et al., 2007, 2008

I Quantative studies of finite volume effects
I Smaller quark masses

Many-Flavor Domain Wall Fermions and Fixed Topology Meifeng Lin


	Motivation
	LSD Calculations with Domain Wall Fermions
	Recap: Results for Nf=2, 6
	New: Results for Nf=10

	Summary

